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Abstract

This paper is devoted to the delay-dependent stability analysis and

robust ∞H  control for uncertain ST −  fuzzy systems with time-delay.

New stability conditions are developed for the systems based on the

Lyapunov functional approach. Then a design method of the state

feedback ∞H  controller is proposed. All the researching results are

presented in terms of LMIs. Two numerical examples are given to

demonstrate the effectiveness of our proposed methods.

1. Introduction

Since time delays and perturbations are always the sources of
instability for a system, the stabilization problems and robust control of
nonlinear uncertain systems with time-delay have received considerable
attention for decades ([4, 5, 6, 7, 13, 14, 17, 19, 20]). These kind of systems
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can be found in many real life systems, such as electric power systems,
large electric networks, rolling mill systems, economic systems, aerospace
systems, different types of societal systems and ecological systems. In
practice, the inevitable uncertainties may enter a nonlinear system in a
much more complex way. The uncertainty may include modeling error,
parameter perturbations, fuzzy approximation errors, and external
disturbances. So we consider about the uncertain fuzzy systems with
time-delay in this paper.

Fuzzy system model and theory [10, 12] have attracted great deal of
interests for system analysis and synthesis. It is a useful method to
represent complex nonlinear systems by some fuzzy sets and reasoning.

When the nonlinear plant is represented by a so-called ST −  type fuzzy

model, local dynamics in different state-space regions are represented by
linear model. The overall model of the system is achieved by fuzzy
“blending” of these fuzzy models. Therefore, it has a convenient dynamic
structure so that some well-established linear systems theory can be
easily applied for theoretical analysis and design of the overall closed-loop
controlled system. The control design is carried out based on the fuzzy
model via the so-called parallel distributed compensation (PDC) scheme
[11, 16].

Stabilization results for time-delay systems can be classified into two
types considering their dependence from time delay. Delay-independent
stability condition is independent of the size of the delay. It can be used to
study the systems without any information on the time-delays [14, 20].
On the other hand, the delay-dependent stabilization is concerned with
the size of the time delay and usually provides an upper bound of the
time delay such that the closed-loop system is stable for any time delay
less than the upper bound [4, 6, 8, 9]. It is well known that delay-
independent criteria often cause conservativeness because of ignoring the
information of the size of the delay, especially when the delay is
comparatively small. Therefore, in generally speaking, delay-dependent
results are less conservative than those for the delay-independent case as
the size of the delay is taken into account.

In this paper, we will study the stability and stabilization conditions

of uncertain ST −  fuzzy systems with time delay. Then we will consider
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the robust ∞H  controller design method. The major contributions of our

paper are summarized as follows. First, it gives a delay-dependent

stability condition for uncertain ST −  fuzzy systems with time delay by

Lyapunov functional approach. Second, based on this result, it proposes a

new design method of state feedback robust ∞H  controller. Finally, its

results are presented in terms of LMIs.

The paper is organized as follows. In Section 2, the ST −  fuzzy

model is presented to model an uncertain system with time-delay. In
Section 3, by using Lyapunov functional approach, a new delay-
dependent stability condition is given in terms of LMIs. In Section 4, the

existence condition of a delay-dependent robust ∞H  controller via state

feedback is derived. In Section 5, two numerical examples are given to
show the effectiveness of our results. The conclusion is drawn in Section
6.

Notation. For a symmetric matrix X, the notation 0>X  means that

the matrix X is positive definite. I is an identity matrix of appropriate

dimension. TX  denotes the transpose of matrix X. For any nonsingular

matrix 1, −XX  denotes the inverse of matrix X. nR  denotes the n-

dimensional Euclidean space. nmR ×  is the set of all nm ×  matrices.

[ )∞,02L  refers to the space of square summable infinite vector

sequences. 2⋅  stands for the usual [ )∞,02L  norm. ∗ denotes the

transposed element in the symmetric position of a matrix.

2. System and Problem Description

Takagi and Sugeno proposed an effective way to represent a fuzzy
model of a nonlinear dynamical system. In this paper, we consider a
nonlinear time-delay system with parameter uncertainty, which could be

described by the following ST −  fuzzy time-delay model with n plant

rules.

Plant Rule i.

If ( )tz1  is ( )tzMi 21,  is ( )tzM gi ...,,2  is ,igM  then
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where ( ) ( )tztz g...,,1  are the premise variables and ( jniMij ,...,,2,1=

)g...,,2,1=  is the fuzzy set; ( ) qRtx ∈  is the state vector; ( ) mRtu ∈  is

the input vector; ( )tω  is the disturbance which belongs to [ ) ( )tzL ~;,02 ∞

pR∈  is the controlled output; 0>τ  is a real positive constant

representing the time-delay of the fuzzy system; ( )tϕ  is the initial

condition of system (1); 2121 ,,,,, iiiiii CCBBAA ω  and ( )niDi ...,,2,1=

are constant matrices of appropriate dimensions; ( ) ( )tAtA ii 21 , ∆∆  and

( ) ( )nitBi ...,,2,11 =∆  are realvalued unknown matrices representing

time-varying parameter uncertainties of (1) and they satisfy the following
assumption.

Assumption 1.

( ) ( ) ( )[ ] ( ) [ ],,,,, 2121 iiiiiiii EEEtFUtBtAtA =∆∆∆ (2)

where iii EEE ,, 21  and ( )niUi ...,,2,1=  are known real constant

matrices of appropriate dimensions; ( ) ( )nitFi ...,,2,1=  are unknown

real time-varying matrices with Lebesgue measurable elements satisfying

( ) ( ) ....,,2,1, niItFtF i
T

i =≤ (3)

Let ( )( )tziµ  be the normalized membership function of the inferred

fuzzy set ( )( ),tziρ  i.e.,

( )( ) ( )( )

( )( )
,

1∑ =
ρ

ρ
=µ n

i i

i
i

tz

tztz

where ( ) [ ( ) ( ) ( )] ( )( ) ( ( )) ( ( ))∏
=

=ρ=
g

j
jijjijig tzMtzMtztztztztz

1
21 ,,...,,,  is

the grade of membership of ( )tz j  in .ijM  Then, it can be seen that
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( )( ) ( )( )∑
=

≥∀>ρ=≥ρ
n

i
ii ttznitz

1

.0,0,...,,2,1,0

Therefor, for all ,0≥t

( )( ) ( )( )∑
=

=µ=≥µ
n

i
ii tznitz

1

.1,...,,2,1,0 (4)

By using the center-average defuzzifier, product inference and

singleton fuzzifier, the ST −  fuzzy model (1) can be expressed by the

following global model.

( ) ( )( ) [ ( ) ( ) ( ) ( )]

( ) ( )( ) ( ) ( ) ( )[ ]

( ) ( ) [ ]
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+τ−+µ=

ω++τ−+µ=

∑
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,~~~

1
21

1
21

tttx

tuDtxCtxCtztz

tBtuBtxAtxAtztx

n

i
iiii

n

i
iiiii

(5)

where ( ) ( ) ( ) ,1,
~

,
~

,
~

222111 =∆+∆+∆+ itBBBtAAAtAAA iiiiiiiii 

....,,2 n

By the parallel distributed compensation (PDC) technique, we

consider the following ST −  fuzzy-model-based state feedback controller

for the fuzzy system (5). The ith controller rule is

If ( )tz1  is ( )tzMi 21,  is ( )tzM gi ...,,2  is ,igM  then

( ) ( ),txKtu i= (6)

where ( )niKi ...,,2,1=  is the controller gain of (6) to be determined.

Then, the overall fuzzy state feedback controller is given by

( ) ( )( ) ( )∑
=

µ=
n

i
ii txKtztu

1

. (7)

By (5) and (7), we can obtain the following closed-loop fuzzy system
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3. Delay-dependent Stability Analysis

In this section, we consider the problem of delay-dependent
stabilization of the following closed-loop fuzzy system. For simplicity, let

( )( ),tzii µ=µ

( ) [( ) ( ) ( )]∑∑
= =

τ−++µµ=
n

i

n

j
ijiiji txAtxKBAtx

1 1
21 .

~~~
(9)

Using the Newton-Leibniz formula, we have

( ) ( ) ( )∫ τ−
τ−−=θθ+

0
.txtxdtx

Then, an equivalent form of fuzzy system (9) is that

( ) ( ) ( ) ( )∑∑ ∫
= = τ−









θθ+−++µµ=

n

i

n

j
ijiiiji dtxAtxKBAAtx

1 1

0
221 .

~~~~
(10)

It is easy to see that systems (9) and (10) have a common solution. Thus,
the stability problem of (9) can be transformed to the same problem of
(10).

Three important lemmas should be presented because they are the
key to prove the theorems.

Lemma 1 [15]. For any two matrices X and Y, we have

,1 YYXXXYYX TTTT −ε+ε≤+

where ,, nmnm RYRX ×× ∈∈  and ε is any positive constant.
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Lemma 2 [1]. For any two vectors ( ) ( ) ,, nRtytx ∈  we have

( ) ( ) ( ) ( ) ( ) ( ),2 1 tGytytxGtxtytx TTT +≤ −

where nnRG ×∈  and .0>G

Lemma 3 [18]. Given the matrices Y, U, and E of appropriate

dimensions where ,TYY =  then for any matrix F satisfying ,IFF T ≤

0<++ TTT UFEUFEY

holds if and only if there exists a constant 0>ε  satisfying

.01 <ε+ε+ − EEUUY TT

Based on the Lyapunov functional approach, the delay-dependent

stabilization result of ST −  fuzzy system (9) is summarized in the

following theorem.

Theorem 1. For ,0>τ  if there exist matrices 0,0,0 >>> NMX

and iY  satisfying the following LMIs:
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then the closed-loop fuzzy system (9) is asymptotically stable, where

ni ...,,2,1=  in (11) and nji ≤<≤1  in (12), ( ) XXAA iiij ++=Φ 21
~~

( ) .~~~~
21

T
i

T
jji

T
ii BYYBAA +++  Moreover, the control gain iK  is given by

....,,2,1,1 niXYK ii == −
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Proof. Let jiiiij KBAAW ~~~
21 ++= and .

~~
1 jiiij KBAR +=  Choose

Lyapunov function as follows:

( )( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∫τ− τ− θ+
θ++=

t

t

t

t
TTT dsdsxSsxdssQxsxtPxtxtxV

0
, (13)

where 0,0 >> QP  and .0>S  Then, the derivative of (13) along the

trajectory of the closed-loop system (9) (or (10)) is given by

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )txStxtQxtxtQxtxtxPtxtxV TTTT τ+τ−τ−−+= 2

( ) ( )∫ τ−
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By Lemma 2, we have
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By substituting inequalities (15) and (16) into (14), we can obtain

( )( ) [ ( ) ( )] ( )
( )∑

=






τ−
Ωτ−µ≤

n

i
ii

TT
tx

tx
txtxtxV

1

2
1

[ ( ) ( )] ( )
( )

,ˆ5.0
1

1 1
∑∑
−

= >






τ−
Ωτ−µµ+

n

i

n

j
ij

TT
ji tx

tx
txtx

where

,~~~
~~

222

2
1

2 








τ+−τ
∗τ+τ+++=Ω

−

i
T
iii

T
i

T
iiii

T
ii

T
iiii

ii ASAQSRA
PASAPSRRQPWPW

( ) ( ) ( ) ( )
,~~~~4~~

ˆ
ˆ

222222

11













++τ+−++τ

∗Ω
=Ω

ji
T

jijiij
T

ji

ij

ij AASAAQRRSAA

( ) ( ) ( ) ( )jiij
T

jiij
T

jiijjiij
ij RRSRRQPWWWWP ++τ+++++=Ω 422ˆ
11

( ) ( ) .~~~~
22

1
22 PAASAAP T

jiji ++τ+ −

By using Schur complement, we can get the following conditions for
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and
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Define 111 ,, −−− === SNQMPX  and .XKY ii =  Then pre and post-

multiplying (17) and (18) by { },INIMXdiag  we can obtain

(11) and (12). This completes the proof.

Note that the matrices in (11) and (12) are monotonic increasing with
respect to .0>τ  Therefore, we can get the following theorem.

Theorem 2. For a given scalar Mτ  such that [ ],,0 Mτ∈τ  if there

exist matrices 0,0,0 >>> NMX  and iY  satisfying the following

LMIs:
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then the closed-loop fuzzy system (9) is asymptotically stable, where ,1=i
n...,,2  in (19) and nji ≤<≤1  in (20).
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Remark 1. If system (9) has no parameter uncertainties, i.e., ( )tAi1∆

( ) ( ) ,02 =∆=∆= tBtA ii  then Theorem 2 is the delay-dependent stability

criterion of ST −  fuzzy time-delay systems.

In the following, we will consider about the parameter uncertainties.

Theorem 3. For a given scalar Mτ  such that [ ],,0 Mτ∈τ  if there

exist matrices iYNMX ,0,0,0 >>>  and positive constants ijε

satisfying the following LMIs:
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n...,,2  in (21) and nji ≤<≤1  in (22),
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Moreover, the state feedback controller gain of (7) is given by =iK

....,,2,1,1 niXYi =−

Proof. Replacing 21
~

,
~

ii AA  and iB~  with ( ) ++ 211 , iiiii AEtFUA

( ) 2iii EtFU  and ( ) iiii EtFUB +  in (19) and (20), respectively, by

Assumption 1 and Lemma 3, using Schur complements, we can obtain
(21) and (22).

4. Design Method of State Feedback ∞H  Controller

Now we consider the state feedback ∞H  controller design of system

(5). For ∞H  control, we always consider the following performance index

( ) [ ( ) ( ) ( ) ( )]∫
∞

θθωθωγ−θθω
0

2~~ dzzJ TT (23)

under zero initial condition, where 0>γ  is a prescribed constant.
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Remark 2. The purpose to design a delay-dependent robust ∞H

controller (7) for ST −  fuzzy system (5) such that for all admissible
uncertainties satisfying (2), (3) and for a prescribed constant ,0>γ

[a] The closed-loop fuzzy system (8) is asymptotically stable when
( ) ;0=ω t

[b] The closed-loop fuzzy system (8) satisfies ( ) ( ) ,~
22 ttz ωγ<  i.e.

( ) 0<ωJ  for all nonzero ( ) [ )∞∈ω ,02Lt  under zero initial condition.

We consider the performance index (23) in the following theorem.

Theorem 4. For a prescribe constant 0>γ  and a scalar 0>τM

such that [ ],,0 Mτ∈τ  if there exist 0,0,0 >>> NMX  and iY

satisfying the following LMIs:
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then ( ) ,0<ωj  where ni ...,,2,1=  in (24), nji ≤<≤1  in (25), and ijΦ~

is given in Theorem 1.

Proof. Under initial condition, we have
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( ) ( ) ( ) ( )jiij
T

jiij
T

jiijjiij
ij RRSRRQPWWWWP ++τ+++++=Ξ 422ˆ
11

( ) ( ) PAASAAP T
jiji 22

1
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~~~~ ++τ+ −

( ) ( ),1111 ijjiji
T

ijjiji KDKDCCKDKDCC +++++++

( ) ( ),~~ˆ
2221 jiij

T
ji

ij RRSAA ++τ=Ξ

( ) ( ) ( ) ( ),~~~~4ˆ
2222222222 ji

T
jiji

T
ji

ij CCCCAASAAQ +++++τ+−=Ξ

( ) ( ) ( ) ,2ˆ
31 PBBRRSBB T

jijiij
T

ji
ij
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( ) ( ),~~ˆ
2232 ji

T
ji

ij AASBB ++τ=Ξ ωω

( ) ( ) .4ˆ 2
33 IBBSBB ji

T
ji

ij γ−++τ=Ξ ωωωω

By Theorem 2 and the proof of Theorem 1, we can obtain that when LMIs

(24) and (25) hold, ( ) .0<ωJ

Remark 3. It is easy to see that (24) implies (19), and (25) implies
(20).

By Remark 2, Remark 3 and Theorem 4, considering about the

uncertainties, the design method of delay-dependent robust ∞H

controller is obtained in the following theorem.

Theorem 5. For a prescribed scalar 0>γ  and a scalar 0>τM  such

that [ ] STM −τ∈τ ,,0  fuzzy system (8) is stable and satisfies ( ) <2
~ tz

( ) 2tωγ  for all nonzero ( ) [ ]∞∈ω ,02Lt  under zero initial condition if

there exist ( )niYNMX i ...,,2,1,0,0,0 =>>>  of appropriate

dimensions and positive constants ijε  such that the following LMIs

simultaneously hold.
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where ni ...,,2,1=  in (26), nji ≤<≤1  in (27),
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( ) ( ) ,212111
T
iiii

T
i

T
iii

T
iiii

ii UUBYYBXAAXXAA ε++++++=Ψ

( ) ( 121212111 22ˆ jiijjii
ij AAAXXAAAA ++++++=Ψ

) ( ) ( )Tijjiijji
T

j YBYBYBYBA +++++ 222

,22 T
jjji

T
iiij UUUU ε+ε+

( ) ,ˆ
1141 ijjiji

ij YBYBXAA +++=Ψ

,ˆ 1
44

T
jjji

T
iiijM

ij UUUUN ε+ε+τ−=Ψ −

( ) .ˆ
1161 ijjiji

ij YDYDXCC +++=Ψ

Moreover, the state feedback controller gain of (7) is given by =iK

....,,2,1,1 niXYi =−

Proof. Replacing 21
~

,
~

ii AA  and iB~  with ( ) 211 , iiiii AEtFUA +

( ) 2iii EtFU+  and ( ) iiii EtFUB +  in (24) and (25), respectively, by

Assumption 1 and Lemma 3, using Schur complements, we can obtain
(26) and (27). By Remark 3, we know that when (26) and (27) hold,
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system (8) with ( ) 0=ω t  is asymptotically stable. By Remark 2, we can

complete the proof.

5. Numerical Examples

In this section, two examples are used to illustrate the proposed
methods.

Example 1. Consider an uncertain ST −  fuzzy system with time-

delay as follows:

Rule 1. If ( )tx2  is small, then

( ) ( ) ( ) ( ) ( ).1121111 tuBtxAtxAAtx +τ−+∆+=

Rule 2. If ( )tx2  is big, then

( ) ( ) ( ) ( ) ( ).2222121 tuBtxAtxAAtx +τ−+∆+= (28)

The model parameters are given as follows:

,
0
1

,
2.0018.0
01.00

,
5.13.0
9.00

11211 



=




−

=





−−
−

= BAA

,
0
1

,
19.0012.0
01.00

,
7.14.0
8.00

12221 



=




−

=





−−
−

= BAA

[ ] ( ) ( ),sin,2.02.0,
1.0
1.0

1111 ttFEU ==



=

[ ] ( ) ( ),sin,2.02.0,
1.0
1.0

2212 ttFEU −=−=



−=

where ( ) ( ).2,111 ==∆ iEtFUA iiii

The membership function for 2x  are as follows:

( )
( ]

( ) [ ]
[ )





∞∈
−∈−

−−∞∈
=

,,1,0
,1,1,15.0

,1,,1

2

2

2

2

x
xx
x

xsmall

and
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( )
( ]

( ) [ ]
[ )





∞∈
−∈+

−−∞∈
=

.,1,1
,1,1,15.0

,1,,0

2

2

2

2

x
xx
x

xbig

The system (28) with ( ) 5.0,0 =τ=tu  has unstable response as shown in

Figure 1 for the initial condition ( ) [ ] .520 Tx −=

Figure1. The response of the system (28) with ( ) 0=tu  and initial

condition ( ) [ ] ,520 Tx −=  and .5.0=τ

Hereby, if we give the state feedback controller as (7), the closed-loop
fuzzy system can be obtain. Then solving the LMIs (21) and (22) by

MATLAB LMI Toolbox, the state feedback gain ( )2,1=iKi  can be obtain

as follows:

[ ] [ ].7281.02445.16977.02665.1 21 −=−= KK
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The simulation result with initial condition ( ) [ ]Tx 5,20 −=  is shown in

Fig. 2.

Figure 2. State response under initial condition ( ) [ ]Tx 5,20 −=  and

.5.0=τ

Example 2. Consider an uncertain nonlinear system with time-delay
as follows:

( ) ( ( )) ( ) ( ) ( ) ( )
( ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ( )) ( )

( ) ( ( )) ( ) ( ) ( ( )) ( )
( ) ( )













+τ−−
τ−−+−−−=

ω++
++τ−−−

τ−−++−=

,1.0
cos2.01.0cos5.04.0

,sin1
cossinsin25

sin1.0cos3

2

12
2

212
2

2

2
2

2
2

12
2

222
2

12
2

212
2

1

tutx
txtxtxtxtxtx

ttx
txtxtctxtxtctxtx

txtxtxtxtxtx

(29)

where ( )tc  is an uncertain parameter satisfying ( ) [ ].2.0,2.0−∈tc  If we

select the membership function as ( )( ) ( )( )txtxM 2
2

21 sin=  and ( )( )txM 22
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( )( ),cos 2
2 tx=  then the nonlinear time-delay system (29) can be

represented by the following uncertain time-delay ST −  model

Plant Rule 1:
If ( )tx2  is ,1M  then

( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )




+τ−+=
ω++τ−+∆+= ω

,~
,

11211

11121111

tuDtxCtxCtz
tBtuBtxAtxtAAtx

Plant Rule 2:

If ( )tx2  is ,2M  then

( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )




+τ−+=
ω++τ−+∆+= ω

,~
,

22221

22222121

tuDtxCtxCtz
tBtuBtxAtxtAAtx

where

,
0
2

,
1
0

,
1.01.0

31.0
,

14.0
13

111211 



=



=





−
−−

=





−−
−
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= ωBBAA
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1
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2122122111 
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== DDCCCC

.
00
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,
00
2.00

,
00
01

211121 



=



=



== EEUU

Choose the ∞H  performance level ,1=γ  given the state feedback

controller as (7). Then for ,8.0=τ  according to Theorem 5, by solving

LMIs (26) and (27) , we have

,
3720.10397.0
0397.00023.52

,
4336.00146.0
0146.06923.11






−

−
=



= MX

,
5081.15054.2

5054.21302.79













−

−
=N

and
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[ ] [ ].2271.01588.0,2493.02904.1 21 −=−= YY

Finally, the responding control gains are given by:

[ ] [ ],5243.00142.0,5788.01111.0 21 −=−= KK

and the maximal delay is .16.1=τM

6. Conclusion

In this paper, a class of uncertain ST −  fuzzy-model-based systems

with time-delay are considered. Based on Lyapunov functional approach,
some new delay-dependent criteria are derived for stabilization and

robust ∞H  control of this kind of systems. All the results are given in

terms of LMIs. Numerical examples are presented to demonstrate the
effectiveness of our methods.
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